It is known that all subvarieties of MV-algebras are finitely axiomatizable. In the literature, one can find equational characterizations of certain subvarieties, such as MV -algebras. In this paper we write down equational bases for all MV-varieties n and prove a representation theorem for each subvariety.
PRELIMINARIES
To give an algebraic proof of the completeness of the Lukasiewicz infinite-valued sentential calculus, Chang introduced MV-algebras in 1958 w x w x 2 . Chang's axioms were simplified in 8 as follows: a structure A s Ž .
x U s 1 y x. w x Chang 3 discovered a correspondence between totally ordered MV-alw x gebras and totally ordered abelian groups. Mundici 9 extended this correspondence to a functor ⌫ between MV-algebras and lattice-ordered Ž .
abelian groups abelian l l-groups with strong unit, and proved that ⌫ is a categorical equivalence. For every abelian l l-group G, the functor ⌫ w x equips the unit interval 0, g with the operations x [ y s g n x q y ;
Ž .
x ᭪ y s 0 k x q y y g ;
x U s g y x ; 0s 0; 1 s g . Žw x . It is easy to see that the resulting structure A s 0, g , 0, g, ), [ , ᭪ is an MV-algebra. w x Following Komori 7 , set S s ⌫ ‫ޚ‬ = ‫ޚ‬ , n, 0 ,
where ‫ޚ‬ is the totally ordered additive group of integers, and ‫ޚ‬ = ‫ޚ‬ is the Ž . lexicographic product of ‫ޚ‬ by itself; furthermore let S s ⌫ ‫,ޚ‬ n ; note n ÄŽ . 4 that S is a subalgebra of S , namely, the subalgebra y, 0 : 0 F y F n . ᭪ is canonically associated with an abelian l l-group D A by the following construction: let the congruence D : Rad A = Rad A be defined by ␦ i s n g ‫ޚ‬ : 1 F n and n is a divisor of i .
Ž .
Furthermore, if J is a nonempty finite subset of ‫ޚ‬ q and i s 2, 3, 4, . . . we let
w x For all unexplained notions about MV-algebras we refer to 2, 3, 9 . The study of varieties of algebras and their equational representation is one of the main goals of universal algebra. The objective of this paper is to provide a finite equational characterization for all varieties of MV-algebras. We recall that the smallest proper subvariety of MV-algebras is the class of Boolean algebras. This class is characterized by the single equation w x x [ x s x. More generally, we note that Grigolia 6 gave a finite axiomatiw x zation for the subvariety generated by S , for each i s 1, 2, . . . , n. In 7 i Komori gave a complete description of the lattice of all subvarieties of MV and showed that each proper subvariety is finitely axiomatizable. Moreover, he proved that each proper subvariety of MV-algebras is generated by a finite set of MV-chains of finite rank. Indeed, for the same of completeness we quote the following result: Ž .
for every positive integer 1 -p -n such that p is not a divisor of any i g I j J;
Ž . Equations 1 and 2 tackle subvarieties with no finite algebras as Ž . generators. Equations 3 are added to deal with subvarieties having mixed finite and infinite generators. For the proof we prepare several preliminary results, some of which are of independent interest. For each n s Ž . 1, 2, 3, 4, . . . let K n denote the subvariety of MV defined by the
For n s 1, the result follows from 4, Theorem 5.11 . In case Ž .
On the other hand, y s 0, and Eq. 1 holds for every Ž .
gebra S does not satisfy the identity n q 1 y s 2 y . Indeed, let Ž . m -2 n q 1 and 2 -ord y we get 2 y -1. Assume, now, 2 n q 1 Ž . F m. Let the integers q and r be given by m s 2 и q n q 1 q r, 0 -q, Ž . Ž . 0 F r -2 n q 1 , and y s m y1 g S . Then it is easy to see that
Now let us prove that 1 / 2 y nq 1 . If y nq 1 s 0, we are done. Suppose
Proof. The thesis follows from the above two theorems together with w x 7, Theorem 4.11 . w x Remark 5. By 7, Theorem 2.3 , a smaller set of generators of 
Ž . For each n s 3, 4, . . . , we define the equational cass H n by the stipulation
Ž . Ž .
We then have 
for e¨ery positi¨e integer 1 -p -n such that p is not a di¨isor of n. Ž . 
Ž . Ž . EXAMPLE 12. a V S is defined by the single identity

Ž .
Ž . In the light of Corollary 9, we observe that every Eq. 2 p plays the role Ž . to cut out, from the subvariety K n , the MV-algebra S whenever p 1 -p -n is not a divisor of n. So, if we look for an equational base for Ž . V S , S , . . . , S , where n -n иии -n and n does not divide any For n -n иии -n , positive integers, assume that t G 2, n G 5 and
that n is not a divisor of n whenever i -j F t. Let ⌺ denote the system i j of equations 2 n n q1
Ž . 
t n for every integer 1 -p -n such that p is not a divisor of any n , t i Ž . i s 1, 2, . . . , t, and let L n , n , . . . , n denote the variety defined by ⌺.
Moreover, define
THEOREM 13. For n -n иии -n positi¨e integers such that t G 2,
To prove the theorem, we first show that V S , S , . . . , S : 
Now, we shall characterize the subvarieties having also some finite MV-algebras S as generators.
. . , ␤ with ␤ -иии -␤ , and I, J ;
In case J / л, assume, for every i s 1, 2, . . . , s, ␣ does not divide ␤ ,
for every positive integer p such that 1 -p -n and p does not divide i
for every q such that
Then we have
First we show that, for every i g 1, . . . , n , S g H , and for every
are all members of H X . Thus, by Corollary 14, they verify all equations of X Ž . ⌺ . Furthermore, for each ␣ g I, y g S , and q g D ⌬ ␣ , J , we
have that either 0 s y q or ord y q F n.
that S , . . . , S verify ⌺ Y . Now let ␤ g J and y g S . Since q does not
This completes the proof of Claim 1. 
The claim is proved showing that the greatest subalgebra of S , which is
Thus, the element y g S is not a solution of the
By Claims 1, 2, and 3 the thesis follows. Proof. Suppose ord A s n -. Let x, y g A such that 0 -x -y and ord x s ord y s n. U Ž U . If x F yx , then 2 x F y and ord y -n, which is absurd. Hence n yx U Ž . Ž . Ž U . F x q yx q n y 2 y s n y 1 y -1. So we get ord yx ) n, which contradicts ord A s n -.
THEOREM 18. Let A be an MV-algebra. Then, the following are equi¨a-lent:
w x By Chang's result 3, Lemma 3 , A can be subdirectly embedded into a direct product Ł A , where A s ArP for every prime ideal P of A.
. . , S and by 7, 
REPRESENTATION THEOREM
We finish the paper by presenting a representation theorem for each subvariety V ; MV.
Ž . Let G be a totally ordered abelian group and let S G denote the 
ii A is isomorphic to a subalgebra of a direct product of MV-algebras Ž . Ł S G , where g ⌳.
P g ‫ސ‬ P P P Ž . Ž . w x Proof. i « ii . By 3, Lemma 3 , A can be subdirectly embedded into the direct product Ł ArP, where for every P g ‫,ސ‬ ArP is a totally P g ‫ސ‬ w ordered algebra of H. Since H is a proper subvariety of MV, by 7, x Ž . w x Theorem 4.2 , rank ArP is finite. By 7, Theorem 2.1 , there exists Ž . g ⌳ such that r g ␦ . So S is a subalgebra of S , and ArP can be . exists ␤ g ␤ иии ␤ such that r g ␦ ␤ . Since ⌫ ‫ޚ‬ = G , r, g is a
. subalgebra of ⌫ ‫ޚ‬ = G , ␤ , g , then ArP can be embedded into P P P Ž Ž . . Ž . Ž . ⌫ ‫ޚ‬ = G , ␤ , g . Moreover,the map : x, y ª x, ␤ y y g x states P P P P P Ž Ž .. Ž . Ž an embedding of ⌫ ‫ޚ‬ = G , ␤ , g into S G . Then ⌫ ‫ޚ‬ = G ,
can be embedded into S G . This completes the proof of
Ž . i « ii . By a direct inspection, it can be shown that, for every P g ‫,ސ‬ ArP satisfies the equations defining H obtained by the main theorem.
Ž . From that, i follows.
